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Genetic Algorithm Approach for Optimal Control Problems
with Linearly Appearing Controls
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For optimal control problems in Mayer form with all controls appearing only linearly in the equations of
motion, this paper presents a method for calculating the optimal solution without user-specified initial guesses
and without a priori knowledge of the optimal switching structure. The solution is generated in a sequence of
steps involving a genetic algorithm (GA), nonlinear programming, and (multiple) shooting. The centerpiece of this
method is a variant of the GA that provides reliable initial guesses for the nonlinear programming method, even
for large numbers of parameters. As a numerical example, minimum-time spacecraft reorientation trajectories
are generated. The described procedure never failed to correctly determine the optimal solution.

Introduction

F INDING the solution to an optimal control problem is a dif-
ficult and time-consuming task. By employing Pontryagin's

minimum principle in conjunction with simple or multiple shoot-
ing to solve the resulting boundary-value problem (BVP), this task
becomes equivalent to finding the numerical values of the costates
(Lagrange multipliers) associated with the physical states of the
underlying dynamic system at discrete times. Thus, the problem of
solving an optimal control problem can be reduced to solving a non-
linear system of equations. Usually, Newton-Raphson methods are
well suited for this type of problem. However, due to the sensitiv-
ity of the state-costate dynamical system, the task of finding initial
guesses that lie within the domain of convergence can become arbi-
trarily difficult. In addition, if a control appears only linearly in the
equations of motion, the optimal solution is known to consist of a
sequence of bang-bang and, possibly, singular subarcs. The switch-
ing structure, however, is not known in advance and has to be found
by trial and error.

The present paper introduces a method for generating the opti-
mal control solution for problems in which all controls appear only
linearly in the equations of motion. In this method, the user need
not provide initial guesses for the state history, the control history,
the costate history, or the switching structure. Initial guesses that
lie within the domain of convergence of a gradient search method
are generated with a genetic algorithm (GA) using substring length
1 for each individual control parameter. A theoretical justification
of the approach is given through hodograph analysis and convexity
arguments. General convergence arguments pertaining to the GA
are mainly heuristic and based on practical experience. Because of
the probabilistic nature of GAs, this seems to be unavoidable.

Problem Formulation
We consider optimal control problems of the following general

form:

m n
u € ( P W C [ t Q , t f ] ) m

, tf) (1)
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subject to the equations of motion

x ( t ) = a ( x ( t ) , t)

the initial and boundary conditions

, t ) u t ( t )

and the control constraints

for / = 1, . . . , m

(2)

(3)

(4)

(5)

Here, PWCj/0, tf] denotes the set of all real-valued piecewise con-
tinuous functions on the interval [/0, tf]. The terms x ( t ) e Rn and
u(t) e Rm denote the state vector and the controls, respectively.
All functions O:/T+1 -> R, a:Rn+l -> R", bi:Rn+l -> R",
i = l , . . . , m , and W:R"+l -> Rk, k < n, are assumed to be
smooth of whatever order is required for this paper.

This represents a fairly general class of optimal control problems,
the most significant restriction for this paper being that the controls
appear only linearly in the equations of motion (2). In the follow-
ing sections this assumption will be exploited to make an otherwise
brute-force GA-based approach for calculating approximate solu-
tions efficient and robust. Also note that, except for constraints (5),
no further control or state constraints are considered in the problem
formulation. Unless such constraints can be written in the form

U < MmaxOO* U > WminOO

where umax(x), wmin(jc) are smooth, a priori, known functions of
states, this represents a nontrivial restriction that will not be resolved
in this paper.

Problem Discretization: Step (i)
To calculate an approximate solution to the optimal control prob-

lem (1-5), the control functions of time w , ( f ) e PWC[f0, tf] are
discretized to piecewise constant functions w, (t). To this end, let N
be a user-chosen integer and let ?Q, t\,..., /# — tf be (for simpli-
city) an equidistant subdivision of the time interval [>o, tf]. Then,
for / = 1 , . . . , m and for j = 1 , . . . , N, we define

on (6)
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For fixed parameters u\, the state vector x ( t ) is the unique solution
of the initial-value problem

x ( t ) - a(x(t), t) ) , t)ut(t)

It is well known1"3 thatiO/) is a smooth function of the parameters
uj. , / = 1, . . . , m, 7 = 1, . . . , N, and the final time tf. Hence, with
the parameter vector U defined by

it is clear that

(8)

(9)

(10)

where <$> and ^ are given by Eqs. (1) and (4) and x is defined by
Eq. (7), respectively, represent smooth functions of U.

In the following sections we discuss a method to solve the problem

subject to

m i n f ( U )

g(U) = 0

(11)

(12)

where ft is the set of all U e RmN+l, U as defined in Eq. (8), with
the properties

0 < u\ < 1 V / = l , . . . , m , y = !,.. . ,# (13)

and
fmm
lf (14)

Here, f™ i n , f™ax are user-provided lower and upper bounds for the
final time tf, respectively.

The parameter optimization problem (11) and ( 1 2), resulting from
the problem discretization presented above, is numerically very well
behaved. Loosely speaking, each component u\ of the parameter
vector U defined in Eq. (8) has locally an influence on the trajectory
of about the same magnitude, and even relatively large changes
in any single component u\ affect the trajectory only moderately.
Even though controls applied "early" in the trajectory have a larger
effect on the cost function (9) and the constraints (10) than the
controls applied "later" in the trajectory, this discretization seems
to be working well in conjunction with a shooting method.

Genetic Algorithm Approach for Generating Initial
Guesses: Step (ii)

Cost Function
To make a gradient search method autonomous and robustL an

algorithm is required that can provide a coarse approximation U to
the optimal solution U*. For this task we apply a GA.4'5 For use of
the GA the constrained parameter optimization problem (11) and
(12) is reformulated in a penalty function form. Explicitly, the cost
function

F(U) := f ( U ) + c, \gl(U)\ ck \gk(U)\ (15)

is used. Here, / and g/, / = 1, . . . , fc, are the original cost function
and constraint functions as given in Eqs. (9) and (10), respectively,
and c1? . . . , ck are user-specified positive weighting factors. Note
that the penalty terms on the right-hand side of Eq. (15) are the
absolute values of the magnitude by which the constraint compo-
nents (12) are violated. This form of penalty function provides a
much crisper measure for the violation of the constraints than error
squares. The loss of differentiability is of no importance to the GA.

Using a GA of the general form described in the Goldberg's book,4
we can now attempt to minimize the cost function F(U) given in Eq.
(15) subject to the constraints (13). With the dimension of the param-
eter vector U given by m N + 1 , where m and N denote the dimension

of the control vector and the number of subintervals, respectively,
it is clear that the complexity of the optimization problem increases
rapidly with the number of the subintervals chosen by the user.

Substring Length 1 for Control Representation
In the GA approach each component Ut of the parameter vector

U defined in Eq. (8) is approximated by a binary substring of user-
specified length. Clearly, the length of these binary substrings is
directly related to the resolution or the precision with which a solu-
tion can be obtained. But it is also crucially related to the family size
required in the genetic algorithm and to the speed of convergence.6
Given the finite central processing unit (CPU) time available for
generating an acceptable approximation to the optimal solution, a
large family size and slow convergence rate reduces the probability
that convergence is obtained within the time available. The approach
in this paper is to allow substring length 1 for each of the parame-
ters Ui:, / — 1, . . . , mN. That means, on every subinterval [tj, f / + i ],
j = 1 , . . . , N, every component uk of the control vector is only
allowed to have the values 0 or 1. Obviously, this approach keeps
the string length to a minimum. A theoretical justification that this
approach can yield meaningful results is given in the next section. In
fact, even though the idea of using substring length 1 for the control
representation may seem secondary at this point, it is the central idea
in this paper. The problem discretization described in Eqs. (6-14)
is tailored to implement this idea.

Theoretical Justification for Using Substring Length 1
From the theory of optimal control,3'7-8 it is well known that the

optimal solution to problem (1-5) "usually" is synthesized as a finite
sequence of so-called bang-bang arcs, along which the optimal con-
trol rides identically on its upper or lower bound. In the not so com-
mon case where the control takes on intermediate values throughout
an arc, the arc and the control along the arc are called singular.

Excluding the singular-control case for the moment, it is clear
that the approximation proposed in the previous section, namely to
allow only the control values 0 and 1 along each subinterval, is not a
serious restriction. In fact, in the interior of each bang-bang arc, this
discretization allows perfect representation of the optimal control.
Inevitable discretization errors are introduced only in subintervals
in the interior of which the optimal control has a switching point,
i.e., switches from one extreme value to the other. Obviously, such
discretization errors can be made arbitrarily small by increasing the
number of subintervals [i.e., increasing the integer N defined in Eq.
(6)]. However, as we intend to use the solution found by the GA
only as an initial guess for a gradient search method, it is clear that
the GA solution need not be very precise and the integer N need not
be very large.

In the case of singular arcs, i.e., arcs along which the optimal
control assumes intermediate values, it is clear that, at each instant
of time, the control found by the GA may be considerably different
from the optimal control. However, the effect of intermediate control
on the evolution of the states can be approximated closely if the
control is flipped back and forth between its maximum and minimum
allowed value along subsequent subintervals. In fact, it can be shown
that such chattering control3 can approximate the evolution of the
states arbitrarily closely if only the length of the subintervals is
made sufficiently small, i.e., if TV is made sufficiently large. Again,
the argument is that the GA is only meant to produce an approximate
solution to be used as an initial guess for a gradient search method,
so the integer N can be kept reasonably small.

Nonlinear Programming Approach: Step (iii)
The smoothness of the representing functions /, g in Eq. (9) and

(10) allows for the use of a gradient search method such as the
NPSOL program,9'10 which has become an industry standard for
solving nonlinear programming problems. This code searches for a
stationary point U* at which the first-order necessary conditions for
optimality, the well-known Kuhn-Tucker conditions,7'10'11

9/
du

U* U*

g(U*)=0

(16)

(17)
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are satisfied. The second-order necessary condition requires that

du2} A £7 > 0 (18)

for all At/ that satisfy dg/dU\^AU = 0 and is used by the code
to distinguish between relative maxima and minima.

The user has to provide an initial guess only for the parameter
vector J7, and once close enough to the optimal solution £/*, the
code is guaranteed to have a superlinear to quadratic convergence
rate. Furthermore, if a gradient search method reaches at the optimal
solution, then it does so with very high precision.

The notorious drawbacks of gradient search methods are well
known. First, for highly nonlinear problems, which are typically
encountered in trajectory optimization, it may be quite nontrivial to
find an initial guess U from which a gradient search method can
converge at all. Second, gradient search methods are vulnerable to
getting caught in local minima. In practice, this often means that
intuitive, physically feasible, suboptimal solutions that are consis-
tent with the constraints (3) and (4) may not be good enough initial
guesses. However, with the approximate solution U, obtained by the
GA, used as an initial guess, this algorithm becomes autonomous
and robust.

The benefit of the solutions obtained from the discretization
scheme proposed so far is twofold. First, these solutions them-
selves provide acceptable engineering solutions to optimal con-
trol problems. Second, the solutions can be used to provide the
necessary information to start high-fidelity methods that employ a
more problem-specific discretization. For example, if the optimal
switching structure is identified to be void of singular arcs, then
a nonlinear programming approach in which the location struc-
tural of the switching points are the parameters to be optimized
can be employed. If singular-control arcs are part of the optimal
solution, then, in most cases, the user has to resort to solving the
first-order necessary conditions of optimal control. But exceptions
are possible, e.g., in the cases where application of the Pontryagin
minimum principle3-7'8 yields the singular control in state feedback
form.

Identification of Optimal Switching Structure: Step (iv)
The solutions found by solving the discretized problem as de-

scribed in the previous sections can be used to identify the correct
switching structure associated with the optimal control solution.
This means that the sequence of arcs along which the optimal con-
trol takes on its upper bound, its lower bound, or intermediate values
can be determined by simple inspection of the control functions of
time obtained from parameter optimization. If only the user-chosen
number of subintervals N [see step (i)] is sufficiently large and if
the GA succeeded in generating an approximate solution close to
the global minimum of the cost function (15), it can be expected that
the switching structure suggested by the parameter optimization so-
lution is identical to the switching structure of the optimal control
solution. Again, by simple inspection of the parameter optimization
solution, values can be also obtained for the approximate location
of the switching points, i.e., the times at which the controls switch
between different control logics.

In the next section a method is presented for generating the op-
timal control solution to problem (1-5) by employing the results
obtained in steps (iii) and (iv).

Synthesis of Optimal Control Solutions: Step (v)
The first-order necessary conditions of optimal control associated

with problem (1-5) are given by

i *A == — -

ao

BH

3x(tf) dx(tf)

H\
Bt

-0

(19)

(20)

(21)

Here, A(/) e Rn and v e Rk are unknown Lagrange multiplier
vectors and the Hamiltonian H is defined by

H(x, u, A, 0 = Ar ( a(x, t) (22)

At every instant of time the optimal control is determined from the
Pontryagin minimum principle,3'7'8 which requires that the Hamil-
tonian (22) be minimized subject to all control constraints (22), i.e.,

Here,

if
if
if

dH

Si > 0
Si < 0
Si =0

(23)

(24)

is referred to as the switching function associated with control w / . In
the singular-control case, where St = 0 on a nonzero subinterval of
the total time interval [f0, tf], an explicit expression for the optimal
control has to be determined from successive differentiation of the
identity £/ = 0 (see Ref. 12). Furthermore, at each switching point
ts, where a control component, say */,, switches between any of
the three possible control logics defined in Eq. (23), the associated
switching function has to be zero, i.e.,

Si(ts)=0 (25)

Let us assume now that, for a particular problem, the methodology
presented in steps (i)-(iv) above leads to the tentative identification
of the optimal switching structure. Assuming also, for simplicity,
that no singular control is involved, the set of optimality conditions
is given by the differential equations (2) and (19), the initial condi-
tions (3), the final conditions (4), (20), and (21), and at each point of
control discontinuity, a switching condition of the form (24). This
represents a multipoint B VP. The unknown variables can be consid-
ered to be the initial value of the time-varying Lagrange multiplier
vector A(f) , the constant multiplier vector v, and the location of the
switching times ts.

Considering the state and control functions of time, say, x ( t ) and
w(0, obtained from the parameter optimization approach discussed
in steps (i)-(iv) above as fixed functions of time, the costate equa-
tion (19) reduces to the linear time-varying ordinary differential
equation

3a(x(t),t)
dx +E :

t=0
dx «,(r) (26)

It can be easily verified now that, for fixed switching times fs and
fixed final time if, the left-hand sides of conditions (20), (21), and
(24) depend linearly on the initial values A.(r0) and the multiplier
vector v. Assuming the nondegenerate case where the number of
switching points is sufficiently large, such that all unknown param-
eters A(/Q) and v are completely determined by conditions (20),
(21), and (24), we can apply a linear least-squares approach to solve
for A(JO) and v. Note that it may not be possible to satisfy all of
the conditions (20), (21), and (24) exactly, as Jc(r), u(t), t f , and
the switching times ts may be different from the respective values
associated with the optimal control solution. However, the continu-
ous dependence of the left-hand sides of conditions (20), (21), and
(24) on the states and control functions of time (with respect to the
LI norm), the final time and the switching times, guarantees that
the linear least-squares solution A(^O), v is close to the respective
quantities associated with the optimal control solution as long as the
parameter optimization solution obtained in steps (i)-(iv) is close to
the optimal control solution. Hence it can be expected that, by gen-
erating initial guesses as described above, a multipoint BVP solver
converges without further user interaction.
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Numerical Example: Minimum-Time
Spacecraft Reorientation

To illustrate the performance of the proposed approach, we con-
sider the following minimum-time spacecraft reorientation (MTSR)
problem13'14

subject to the dynamic system

q —\

the initial conditions

w(0) = [0,0,0f ,

the final conditions

/ (27)

si (28)

* (29)

0(0) = [1,0,0, Of (30)

$(f/) = [0,0,0, If (31)

the control constraints

Ui €[-!,+!], i = 1,2,3 (32)

and free final time tf. Here, co = [a)\, 0)2, 0)3 f and q
— [#o» #1» #2» #sf represent the vector of angular velocities and
the quaternion vector, respectively. The matrix Q is given by

0 —0)i —0)2 — U>3
0)\ 0 O>3 —0)2
0)2 — &>3 0 0)\
0)3 O)2 ~0)\ 0

(33)

The equations of motion (28) and (29) refer to an inertially sym-
metric spacecraft with orthogonal control axes and the initial and
final conditions (30) and (31) prescribe a 180-deg rest-to-rest
reorientation.

In Ref. 13 the authors applied time-consuming continuation meth-
ods to obtain a first solution of problem (27-33). With the meth-
ods described in the present paper the solution-finding process is
nearly automized.

For the GA approach, the free final time is represented by a 20-
digit binary substring. All controls are represented by one-digit bi-
nary substrings. Hence, with the total time interval divided into
N subintervals, the string length used in GA is 3N + 20 and the

total number of parameters to be optimized by the nonlinear pro-
gramming code is 37V + 1. In all GA calculations a population of
30 was used. The probabilities of mutation and crossover were set
0.001 and 0.3, respectively. The cost function to be minimized by
GAis

F(U) = ctf + \a>{(tf)\ + \a>2(tf)\

\qo(tf)\ + \qi(tf)\ (34)

Here, c > 0 is a user-chosen real number and U is defined as in
Eq. (8) with m — 3. The initial conditions (30) can be satisfied
directly by starting the integration at the appropriate initial states
and need not be considered in the cost function (34).

In a first approach the optimal final time is assumed to lie be-
tween 0 and 5. Discretizing the problem by dividing the total time
interval into only 10 subintervals quickly yields a solution satisfy-
ing all boundary conditions with a final time less than 3.3. It is not
expected that the control functions of time obtained in this solution
can provide insight into the structure of the optimal control, but it
provides valuable and easily obtained information about the upper
bound on the optimal final time.

Next the problem is discretized by dividing the total time interval
into 200 subintervals. The free final time is again represented by
a 20-digit substring, this time restricting the final time between 0
and 3.3. The state histories obtained from GA after 1000, 4000, and
14,000 iterations are shown in Figs. 1-3. To keep the algorithm from
setting the final time equal zero, the final time is added to the total
cost function with a very small weighting factor c — 0.0001 during
the first 1000 iterations. In all further GA iterations this weighting
factor is increased to 0.01.

Using the results shown in Figs. 1 and 2 as initial guesses for a
gradient search method yields the results shown in Figs. 4 and 5,
respectively. Proceeding with these two parameter optimization so-
lutions as discussed in steps (iv) and (v) above yields two different
optimal control solutions with exactly the same cost. The associ-
ated state functions of time are indistinguishable from those given in
Figs. 4 and 5, respectively. The final time associated with the param-
eter optimization solution is less than 2% larger than the minimum
possible maneuver time found by optimal control. The fact that at
least two different solutions with the same absolute minimum final
time are obtained can be easily explained through spatially symmet-
ric reorientation maneuvers.15 It can be expected that all possible
spatially symmetric optimal solutions are obtained if initial guesses
for the nonlinear programming approach are generated using the
GA with different seeds in the random-number generator.
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Fig. 1 Solution obtained after 1000 GA iterations.
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Fig. 2 Solution obtained after 4000 GA iterations.
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Fig. 3 Solution obtained after 14,000 GA iterations.
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Fig. 4 Solution obtained from gradient search method.
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Fig. 5 Solution obtained from gradient search method.
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Fig. 6 Solution obtained from principal-axis rotation.
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Fig. 7 Another example without physically intuitive initial guess.

In Fig. 6, the state histories associated with a principal-axis rota-
tion are shown. This suboptimal control logic also provides a good
enough initial guess for a gradient search method to converge and
leads to the solution shown in Fig. 5. However, for many problems
of practical interest such a physically motivated initial guess may
not be available. This is demonstrated in a second example, where
the same MTSR problem (27-30) is solved for the arbitrarily chosen

final conditions

co(tf) = [-0.15, 0.08, 0.05]r

q(tf) = [0.20, -0.66, 0.62, 0.37]r (35)

In terms of the usual Euler angles ̂ ,9, <J>, the above boundary con-
ditions on the quaternion vector q refer to an angular reorientation
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A*I> = -94.17 deg, A# = +47.89 deg, A3> = +163.64 deg. For
this example no physically intuitive initial guess is available. Me-
chanically applying steps (i)-(iv) of the method described above
leads to an optimal control solution satisfying all the first-order
necessary conditions, without investing any significant expertise in
optimal control. The state histories of the associated nonlinear pro-
gramming solution are presented in Fig. 7.

Summary and Conclusions
For optimal control problems where all controls appear only lin-

early in the equations of motion a method is introduced to calculate
the optimal control solution without significant user interaction.
First the problem is discretized to a finite-dimensional parameter
optimization problem by allowing only piecewise constant control
functions of time. Initial guesses for a gradient search method are
generated with a genetic algorithm. The nonlinear programming
results are used to identify the optimal switching structure and to
calculate reasonable initial guesses for the Lagrange multipliers.
These data are used as initial guesses to solve the multipoint bound-
ary value problem associated with the first-order necessary condi-
tions of optimal control. Using as a practical example the nonlinear
problem of minimum time spacecraft reorientation, it is shown that
the proposed algorithm enjoys outstanding robustness and stability.
It is interesting to note that in earlier publications authors resorted
to tedious continuation methods to obtain solutions for a similar
problem.

References
^artle, R. G., The Elements of Real Analysis, Wiley, New York, 1975.
2Taylor, A. E., General Theory of Functions and Integration, Blaidel,

1965, p. 419.

3Lee, E. B., and Markus, L., Foundations of Optimal Control Theory,
Krieger, Malabar, FL, 1986.

4Goldberg, D. E., Genetic Algorithm in Search, Optimization and Machine
Learning, Addison-Wesley, Reading, MA, 1989.

5 Holland, J., Adaptation in Natural and Artificial Systems, Univ. of Michi-
gan Press, Ann Arbor, MI, 1975.

6Goldberg, D. E., Deb, K., and Clark, J. H., "Genetic Algorithms, Noise,
Undersizing of Populations," Complex Systems, Vol. 6, 1992, pp. 333-362.

7Bryson, A. E., and Ho, Y. C., Applied Optimal Control, Hemisphere,
New York, 1975.

8Neustadt, L. W., Optimization: A Theory of Necessary Conditions,
Princeton Univ. Press, Princeton, NJ, 1976.

9Gill, P. E., Murray, W., Saunders, M. A., and Wright, M. H., "User's
Guide for NPSOL (Version 4.0): A Fortran Package for Nonlinear Pro-
gramming," Systems Optimization Laboratory, Department of Operations
Research, Stanford Univ., Stanford, CA.

10Gill, P. E., Murray, W., and Wright, M. H., Practical Optimization,
Academic, New York, 1981.

llWouk, A., A Course of Applied Functional Analysis, Wiley, New
York, 1979.

12Bell, D. J., and Jacobson, D. H., Singular Optimal Control Problems,
Mathematics in Science and Engineering, Academic, New York, 1975.

13Bilimoria, K. D., and Wie, B., "Minimum-Time Large-Angle Reorien-
tation of a Rigid Spacecraft," Aug. 1990.

14Seywald, H., and Kumar, R. R., "Singular Control in Minimum Time
Spacecraft Reorientation," Proceedings oftheAIAA Guidance, Navigation
and Control Conference (New Orleans, LA), AIAA, Washington, DC, 1991,
pp. 432-442 (AIAA Paper 90-3486).

15Bocvarov, S., Lutze, R H., and Cliff, E. M., "Extremal Spacecraft-
Reorientation Maneuvers: Symmetries and Group Properties," Proceedings
of the AIAA Guidance, Navigation, and Control Conference (New Orleans,
LA), AIAA, Washington, DC, 1991, pp. 936-948.

16Chowdhry, R. S., and Cliff, E. M., "Optimal Rigid Body Reorientation
Problem," AIAA Paper 90-3485, Aug. 1990.

AIAA Education Series

Dynamics of Atmospheric Re-Entry
Frank J. Regan and Satya M. Anandakrishnan

This new text presents a comprehensive treatise on the dynamics of atmospheric
re-entry. All mathematical concepts are fully explained in the text so that there is no
need for any additional reference materials. The first half of the text deals with the
fundamental concepts and practical applications of the atmospheric model, Earth's
gravitational field and form, axis transformations, force and moment equations,
Keplerian motion, and re-entry mechanics. The second half includes special topics
such as re-entry decoys, maneuvering re-entry vehicles, angular motion, flowfields
around re-entering bodies, error analysis, and inertial guidance.

AIAA Education Series
1993, 604 pp, illus, Hardback
ISBN 1-56347-048-9
AIAA Members $69.95
Nonmembers $99.95
Order #: 48-9(830)

Place your order today! Call 1-800/682-AIAA

American Institute of Aeronautics and Astronautics

Publications Customer Service, 9 Jay Could Ct., P.O. Box 753, Waldorf, MD 20604
FAX 301/843-01 59 Phone 1 -800/682-2422 8 a.m. - 5 p.m. Eastern

Sales Tax: CA residents, 8.25%; DC, 6%. For shipping and handling add $4.75 for 1 -4 books (call
for rates for higher quantities). Orders under $100.00 must be prepaid. Foreign orders must be
prepaid and include a $20.00 postal surcharge. Please allow 4 weeks for delivery. Prices are
subject to change without notice. Returns will be accepted within 30 days. Non-U.S. residents
are responsible for payment of any taxes required by their government.


